arXiv:l 506.00255V 1 [cs.DM] 31 May 2015 


Critical and Maximum Independent Sets of a Graph 


Adi Jarden 

Department of Mathematics and Computer Science 
Ariel University, Israel 
j ardena@ariel.ac.il 

Vadim E. Levit 

Department of Mathematics and Computer Science 
Ariel University, Israel 
levitv@ariel.ac.il 

Eugen Mandrescu 
Department of Computer Science 
Holon Institute of Technology, Israel 
eugen_m@hit .ac.il 


Abstract 

Let G be a simple graph with vertex set V (G). A set S CV (G) is independent 
if no two vertices from S are adjacent. By Ind(G) we mean the family of all 
independent sets of G, while core (G) and corona (G) denote the intersection and 
the union of all maximum independent sets, respectively. 

The number d{X) = |A| — |A(X)| is the difference of X C V (G), and a set 
A € Ind(G) is critical if d{A) = max{d (I) : I € Ind(G)} |23 |. 

Let ker(G) and diadem(G) be the intersection and union, respectively, of all 
critical independent sets of G m- 

In this paper, we present various connections between critical unions and in¬ 
tersections of maximum independent sets of a graph. These relations give birth to 
new characterizations of Konig-Egervary graphs, some of them involving ker(G), 
core(G), corona (G), and diadem(G). 

Keywords: maximum independent set, maximum critical set, ker, core, corona, 
diadem, maximum matching, Konig-Egervary graph. 


1 Introduction 

Throughout this paper G is a finite simple graph with vertex set U(G) and edge set 
E{G). If X CV (G), then G[X] is the subgraph of G induced by A. By G — VL we mean 
either the subgraph G\V (G) — W], if W C V(G), or the subgraph obtained by deleting 
the edge set W, for W C E{G). In either case, we use G — w, whenever W = {w}. If 
A,BQV (G), then (A, B) stands for the set {ab : a G A,b G B,ab G E (G)}. 
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The neighborhood N{v) oiv^V (G) is the set {w : w € y (G) and vw G E (G)}. In 
order to avoid ambiguity, we use also Ng{v) instead of N(y). The neighborhood N{A) 
oiACV (G) is {r; e F (G) : Niv) nA^f/)}, and N[A] = N{A) U A. 

A set S V (G) is independent if no two vertices from S are adjacent, and by Ind(G) 
we mean the family of all the independent sets of G. An independent set of maximum 
size is a maximum independent set of G, and a{G) = max{|S'| : S G Ind(G)}. 

Theorem 1.1 Jlj/, An independent set X is maximum if and only if every indepen¬ 
dent set S disjoint from X can be matched into X. 


For a graph G, let n(G) denote the family of all its maximum independent sets, 
core(G) = ^ S G fI(G)} [TT], and corona(G) = : S G fI(G)} 1^. 

It is clear that N (core(G)) C V (G) — corona(G), and there exist graphs satisfying 
A^(core(G)) ^ V (G) — corona(G) (for some examples, see the graphs from Figure [U 
where core(Gi) = {a, 6 } and core(G 2 ) = {x,y,z}). 

The problem of whether core(G) 7 ^ 0 is NP-hard [3]. 



Figure 1: F(Gi) = corona(Gi)UfV (core(Gi))U{(i}, V{G 2 ) = corona(G 2 )UfV (core(G 2 )). 


A matching is a set M of pairwise non-incident edges of G. If A C V{G), then M {A) 
is the set of all the vertices matched by M with vertices belonging to A. A matching of 
maximum cardinality, denoted p,{G), is a maximum matching. 

Lemma 1.2 (Matching Lemma) If A G Ind(G),A C n(G), and |A| > 1, then 
there exists a matching from A — RA into \JA-A. 

For X C V{G), the number |A| — |iV(A)| is the difference of X, denoted d{X). The 
critical difference d{G) is max{(i(A) : X C V{G)}. The number max{d(/) : I G Ind(G)} 
is the critical independence difference of G, denoted id(G). Clearly, d(G) > id(G). It 
was shown in [23] that d(G) = id(G) holds for every graph G. If A is an independent 
set in G with d (X) = id{G), then A is a critical independent set [23] . 

For example, consider the graph G of Figure |2l where X = {vi,V 2 ,V 3 , Vi\ is a critical 
set, while I = {vi,V 2 ,V 3 ,ve,V 7 } is a critical independent set. Other critical sets are 

{vi,V2}, {?;i,'U2,'C3}, {VI,V2,V3,V4.,V3,V7}. 

It is known that finding a maximum independent set is an NP-hard problem [^. 
Zhang proved that a critical independent set can be found in polynomial time [23] . 

Theorem 1.3 Each critical independent set is included in a maximum independent 
set. 
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Figure 2: core(G) = {vi,V 2 ,vq,viq} is a critical set, since d(core(G)) = 1 = d{G). 


Theorem fOl leads to an efficient way of approximating a{G) [35]. Moreover, every 
critical independent set is contained in a maximum critical independent set, and such a 
maximum critical independent set can be found in polynomial time [5]. 

Theorem 1.4 There is a matching from N{S) into S for every critical independent 
set S. 

It is well-known that a(G) -I- p{G) < |V^(G)| holds for every graph G. Recall that 
if Qf(G) -I- /r(G) = |R(G)|, then G is a Kdnig-Egervdry graph [S||3T]. For example, each 
bipartite graph is a Konig-Egervary graph as well. Various properties of Konig-Egervary 
graphs can be found in EKHHH]. It turns out that Konig-Egervary graphs are exactly 
the graphs having a critical maximum independent set |10j . In |14j it was shown the 
following. 

Lemma 1.5 d{G) = a{G) — /r(G) holds for each Konig-Egervary graph G. 

Using this finding, we have strengthened the characterization from nuj. 

Theorem 1.6 Eor a graph G, the following assertions are equivalent: 

(i) G is a Konig-Egervary graph; 

(ii) there exists some maximum independent set which is critical; 

(hi) each of its maximum independent sets is critical. 

For a graph G, let ker(G) be the intersection of all its critical independent sets [T5] . 
and diadem(G) = U(s : S is a critical independent set}. 

In this paper we present several properties of critical unions and intersections of 
maximum independent sets leading to new characterizations of Konig-Egervary graphs, 
in terms of core(G), corona(G), and diadem(G). 

2 Preliminaries 

Let G be the graph from Figure [3] the sets X = {ui,U 2 ,U 3 }, Y = {ui,W 2 ,'y 4 } are 
critical independent, and the sets X n Y, X U V are also critical, but only X n V is 
also independent. In addition, one can easily see that ker(G) = {vi,V 2 } C core(G), and 
ker(G) is a minimal critical independent set of G. 

Theorem 2.1 US} Eor a graph G, the following assertions are true: 

(i) ker(G) C core(G); 

(ii) if A and B are critical in G, then AU B and ACi B are critical as well; 

(hi) G has a unique minimal independent critical set, namely, ker(G). 
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Various properties of ker(G') and core(G') can be found in [TSl [T71 [^ . 

As an immediate consequence of Theorem 12.11 we have the following. 

Corollary 2.2 For every graph G, diadem(G) is a critical set. 

For instance, the graph G from Figure[2]has diadem(G) = {vi,V 2 ,V 3 ,V 4 ,vg,V 7 ,viq}, 
which is critical, but not independent. 

The graph Gi from Figure [1] has d{Gi) = 1 and d (corona(Gi)) = 0, which means 
that corona(Gi) is not a critical set. Notice that Gi is not a Konig-Egervary graph. 
Combining Theorems II.61 and 12. we deduce the following. 

Corollary 2.3 If G is a Konig-Egervary graph, then both core(G) and corona(G) are 
critical sets. Moreover, corona(G) = U{^ : A is a maximum critical independent set}. 

The converse of Corollary 12.31 is not necessarily true; e.g., the graph G 2 in Figured] 
is not a Konig-Egervary graph, while core(G 2 ) and corona(G 2 ) are critical. 


3 Unions and intersections of maximum independent 
sets 


Theorem 3.1 Let A C Ll{G), and |A| > 1. Then 

=In^^l+lu^^l - ^ m|xd(5). 

In particular, 

d (corona(G)) = |corona(G)| -b |core(G)| — \V (G)| > 2a (G) — \V (G)| = max d{S). 


Proof. Every vertex in (JA — j^A has a neighbor in (JA — (^A, since A C Ll{G). 
Therefore, N (U'') = (UA-nA)'j(v'(G)-UA) , which implies 

(Ua) = |Ua| - Ia' (Ua) I = |Ua| -1 (Ua - Ha) u {v [g) - ua) I = 

= |nA| - (lr (G)| - |Ua|) = IflA] + |Ua| - ir (G)|. 

On the other hand, for every S G ft (G) we have 


d{S)=a (G) - (IV (G)| - a (G)) = 2a (G) - |V (G)|. 

Since lnA|+iuA| > 2a (G), we obtain 

(U"^) = In^^l + lU^^I - (^)l ^ 2a (G) - |V (G)| =d{S), 

as required. 
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In particular, if A = then (JA = corona(G'), RA = core(G), and the conclu¬ 

sion follows. ■ 

Notice that if A is a critical independent set in a graph G having d{G) > 0, then 
A n S' 7 ^ 0 holds for every S G because 0 ^ ker (G) C A fi core(G) C A fl S, 

according to Theorem 12. 

Proposition 3.2 Let A be a critical independent set of a graph G with ker (G) = 0, and 
A = {S G n{G) : A n S = 0}. Then 10 ''! a l-^l- 

Proof. Let S G A. Since A is critical and d{G) = 0, it follows that |A| = |A^(A)|. By 
Theorem ll.il there is a matching from A into S, because A is independent and disjoint 
from S. Consequently, we infer that N (A) C S. Hence, we obtain IflA > |iV(/l)| = |A|, 
as required. ■ 


Theorem 3.3 Let A C H(G), and |A| > 1. 

(i) //UA is critical, then |a^ (n a)| + |Ua| = |P(G)|, and RA is critical. 

(ii) If j^A is critical, then 

N (P|a) I + ||Ja| < IP (G)|, and d (Qa) > 2 a (G) - |P (G)|. 

Proof, (i) By definition of d{G) and Theorem 13.11 we get 

d(G)=d(UA)=|nA|+|UA|-iT/(G)i>d(nA)=|nA|-|iv(nA). 

Hence we infer that N (nAji+iUAl > |P(G)|. Thus, (nA)| + |UA| = l^(G)l, 

because (^N (nA))n(UA)=0. 

Moreover, we deduce that 

‘‘ (lja) = In*!+| ua| - ir (g)i=| nA| - |« (ha) i=( n*). 

i.e.. f]A is a critical set. 

(ii) By definition of d{G) and Theorem 13.11 we have 

d(G)=d(nA) = |nA|-|iv(nA) > 

'^(LJa) = IRaI + |Ua| - l^(G)l > 2a (G) - |P(G)|, 


> 


which completes the proof. ■ 

In particular, taking A = H(G) in Theorem 13.31 we obtain the following. 


Corollary 3.4 //corona(G) is a critical set, then |corona(G)|-I-|Af (core(G))| = \V (G)| 
and core(G) is critical. 
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Notice that if core(G) is critical, then corona(G) is not necessarily critical. For 
example, the graph Gi from Figure[T]has d(Gi) = d(coie(Gi)) = 1, while corona(Gi) is 
not a critical set. 


Theorem 3.5 If G is a Kdnig-Egervdry graph, then 

0) a n^l+lu^l = 2a (G) holds for every family A C il{G), |A| > 1,- 
(ii) |corona(G)| + |core(G)| = 2a (G). 


Proof, (i) By Theorems II.61 and 12.If w). both (JA and j^A are critical sets. According 
to Lemma [T31 we have 


Hence, inA|+| 
By Theorem 


■'(Ua) = |U''|- 

jv(Ua) 

‘‘(11*)= flA - 

jv(nA) 


Ua| = 2a{G)-2p (G) + 

we infer that 


7v(UA 


a{G)-p{G), 

a{G)-p{G). 



N (IJa) I + \n (f|A) I = \n (IJa) I + if (G)| - ||Ja| = 
= iv(UA)|+a(G)+A^(G)-|UA| = 

= aiG) + ^iiG) - d(]jA) = 2^l{G). 


Consequently, we obtain in''|+|U''| = 2a (G), as claimed. 

(ii) It follows from Part (i), by taking A C 11(G). ■ 

The graph G 2 from Figure [T] has |corona(G 2 )| + |core(G 2 )| = 13 > 12 = 2a (G 2 ). 
On the other hand, there is a non-Kdnig-Egervary graph, namely Gi in Figure [U that 
satisfies |corona(Gi)| + |core(Gi)| = 10 = 2a (Gi). 

If f^A is a critical set, then (JA is not necessarily critical. For instance, consider 
the graph G from Figure|3l and A = {S'!, 52 }, where Si = {x,y,u} and S 2 = {x,y,w}. 
Clearly, Ra = {x, y} = core(G) is critical, while Ua = {x, y, u, w} is not a critical set. 



Figure 3: core(G) = ker (G) = {x,y}. 


Theorem 3.6 Let A C {1(G), and |A| > 1. Then G is a Kdnig-Egervdry graph if and 
only if Ua is eritical and ln''l+lud = 2a(G). 
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Proof. Combining Theorems II.61 and 12.Ife J. we infer that (JA is critical. The equality 
ln*l+lU''l = 2 q! (G) holds by Theorem 13.5f z). 


Conversely, according to Theorem 13.3lf i). the set j^A is critical. Hence, by Theorem 
1.41 there exists a matching from N ^P|A^ into j^A. Theorem l3.3f H ensures that 


N (n'')l+|UA| = \V (G)|, which means that (JAU N = ^(G). To complete 

the proof that G is a Konig-Egervary graph, one has to find a matching from (JA — S' into 
S —j^A for some maximum independent set S € A. Actually, in accordance with Lemma 


From S — 

^A to [JA — 

5-nA 

= |Ua-s 


and |S| = a(G), we infer that S — n^i = lUA — si. Consequently, M is a perfect 

matching, and this shows that M is also a matching from UA — S into S — P)A, as 
required. ■ 


Remark 3.7 If^A is critical and 10*1+IUaI = 2a (G), then G is not necessarily a 
Konig-Egervary graph. For example, let G be the graph from Figure\^ and A = {Si, S 2 }, 
where Si = {a;,y,M},S 2 = {x,y,wf. Hence, nA = (a;, y} = ker (G) is a critical set, 

fl''! + |Ua| = 6 = 2a (G), while G is not a Konig-Egervary graph. Clearly, the set 
UA = x,y,u,w} is not critical. 


G 


Figure 4: G is a non-Konig-Egervary graph with core(G) = ker (G) = {a;, y}. 

If Ai , A 2 are independent sets such that Ai U A 2 is critical, then Ai and A 2 are not 
necessarily critical. For instance, consider the graph G from Figure 01 where Ai U A 2 = 
{u,v,x,y} is a critical set, while none of Ai = {u,x} and A 2 = {v,y} is critical. The 
case is different whenever the two independent sets are also maximum. 

Corollary 3.8 The following assertions are eguivalent: 

(i) G is a Konig-Egervary graph; 

(ii) for every Si, S 2 G H(G), the set Si U S 2 is critical; 

(hi) there exist Si,S 2 € H(G), such that Si U S 2 is critical. 

Proof, (i) => (a) It follows combining Theorem I l.GL m) and Theorem 12. llf zz). 

(ii) => (Hi) Clear. 

(Hi) (i) It is true according to Theorem 13.61 because 

|f|A| + |Ua| = |Si U S 2 I + |Si n S 2 I = |Si| + IS 2 I = 2a (G) 
is automatically valid for every family A C H(G) with |A| = 2. ■ 
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Remark 3.9 If G is a Kdnig-Egervdry graph, then S' U ^ is not necessarily critical 
for every S € fl(G) and A € Ind(G). For instance, consider the graph G in Figure 
O and S = {a,b,c,d} G f2(G). The sets Ai = {i;} and A 2 = {ui} are independent, 
S U is critical (because N (S U Ai) = {u,v,w,a}), while S U A 2 is not critical (as 
N {S L) A 2 ) = {u, V, w, c, d}). 



Figure 5: G is a Konig-Egervary graph with d(G) = 1. 


Corollary 3.10 The following assertions are eguivalent: 

(i) G is a Konig-Fgervdry graph; 

(ii) for every S G fl{G) there exists A G Ind(G), such that the set S U A is critical; 

(iii) there are S G fl{G) and A G Ind(G), such that the set S U A is critical. 

Proof, (i) (ii) By Theorem ll.df 'm). we know that every S G f2(G) is critical. Hence, 
S U H is critical for any ACS. 

(ii) => (iii) Clear. 

(iii) => (i) If A C S, the result follows by Theorem 11.61 Otherwise, we can suppose 
that S n A = 0. By Theorem ll.il we know that \N (A) 0 S| > |A|. Since 

|fv(suA)| > |iV(A)nS| + |7V(S)| > |A| + |iV(S)|, 

we obtain 

d(G) =d(SuA) = |SUA| - |Af(SuA)| 

<(|S| + |A|)-(|A| + |iV(S)|) = d(S). 

Therefore, d{S) = d{G), i.e., S is a critical set. According to Theorem 11.61 G is a 
Konig-Egervary graph. ■ 


4 ker (G) and diadem(G') in Konig-Egervary graphs 

Theorem 4.1 If G is a Konig-Fgervdry graph, then 

(i) diadem(G) = corona(G), while diadem(G) C corona(G) is true for every graph; 

(ii) |ker(G)| -I- |diadem(G)| < 2a (G). 

Proof, (i) Every S G fl (G) is a critical set, by Theorem 11.61 Hence we deduce that 
corona(G) C diadem(G). On the other hand, for every graph each critical independent 
set is included in a maximum independent set, according to Theorem 11.31 Thus, we 
infer that diadem(G) C corona(G). Consequently, the equality diadem(G) = corona(G) 
holds. 

(ii) It follows by combining Part (i), Theorem 13. and Theorem l2.H ^0. ■ 








Gi 


G2 


Figure 6: Gi and G 2 are Konig-Egervary graphs. fcer(Gi) = {x,y} and ker{G 2 ) = 0- 




The Konig-Egervary graphs from EigurelH satisfy |ker (G)| -I- |diadem (G)| < 2a (G). 
The graph Gi from Figure [7] is a non-bipartite Konig-Egervary graph, such that 
ker(Gi) = core(Gi) and diadem(Gi) = corona(Gi). The combination of diadem(G) ^ 
corona(G) and ker(G) = core(G) is realized by the non-Konig-Egervary graph G 2 from 
Figure[71 because ker(G 2 ) = core(G 2 ) and diadem(G 2 ) U {z,t,v,w} = corona(G 2 ). 



Figure 7: core(Gi) = {a,b} and core(G 2 ) = {x,y}. 

The graph G 2 from Figure[T]has : corona(G 2 ) = V (G 2 )—{ui, ue} and A^(corona(G 2 )) = 
V [G 2 ) — {x,y,z}. Hence, d(corona(G 2 )) = 1 = d{G 2 ), i.e., corona(G 2 ) is a critical 
set, while diadem(G 2 ) = {x, y, z, U 2 , U 3 , U 5 } £ corona(G 2 ). Thus, the graph G 2 from 
Figure [1] shows that it is possible for a graph to have diadem (G) ^ corona(G) and 
ker(G) ^ core(G). On the other hand, the graph G 2 from Figure [T] gives an example 
where not every critical set is a subset of diadem(G). 

Corollary 4.2 The following assertions are equivalent: 

(i) G is a Konig-Egervary graph; 

(ii) diadem(G) = corona(G) and |core(G)| -I- |corona(G)| = 2q;(G); 

(hi) corona(G) is a critical set and |core(G)| -I- |corona(G)| = 2a (G). 

Proof, (i) ^ (ii) It \s true, by applying Theorem 14.Il7 i) and Theorem I3.5l7 w). 

(ii) (Hi) It follows from Corollary 12.21 

(Hi) (i) Take A = U,{G) and use Theorem l3.6l ■ 

Notice that the graph Gi from Figured] satisfies |core(Gi)| -I- |corona(Gi)| = 2a (Gi), 
while d(corona(Gi)) = 0 < d{Gi) = 1, i.e., corona(Gi) is not a critical set, because 
corona(Gi) = V (Gi) —{c, d} and A^(corona(Gi)) = V (Gi) —{a, &}. On the other hand, 
the graph G 2 from Figure [T] satisfies |core(G 2 )| -I- |corona(G 2 )| = 13 > 12 = 2a (G 2 ), 
while corona(G 2 ) is a critical set. 


5 Conclusions 

In this paper we focus on interconnections between critical unions and intersections 
of maximum independent sets, with emphasis on Konig-Egervary graphs. In m we 
showed that 2a (G) < |core (G) | -I- |corona (G) | is true for every graph, while the equality 
diadem(G) = corona(G) holds for each Konig-Egervary graph G, by Theorem 14.117 0. 
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According to Theorem \2.lV i). ker(G) C core(G) for every graph. On the other hand, 
Theorem II.31 implies the inclusion diadem(G) C corona(G). Hence 


|ker(G)| + |diadem(G)| < |core(G)| + [corona (G)| 
for each graph G. These remarks together with Theorem 14. motivate the following. 
Conjecture 5.1 |ker(G)| + \diadem{G)\ < 2a (G) is true for every graph G. 

When it is proved one can conclude that the following inequalities: 

|ker(G)| + [diadem (G)| < 2a (G) < |core(G)| + [corona (G)| 
hold for every graph G. 

Theorem 14.11 claims that diadem(G) = corona(G) is a necessary condition for G to 
be a Konig-Egervary graph, while Corollary 14.21 shows that, apparently, this equality is 
not enough. These facts motivate the following. 

Conjecture 5.2 //diadem(G) = corona(G), then G is a Konig-Egervary graph. 

The graphs in Figure |8] are non-Konig-Egervary graphs; core(Gi) = {a, b, c, d} and it 
is a critical set, while core(G 2 ) = {x, y, z, w} and it is not critical. 





Gi 


G. 


Figure 8: Both Gi and G 2 are non-Konig-Egervary graphs. 


By Corollarv l2.31 core(G) is a critical set for every Konig-Egervary graph. It justifies 
the following. 

Problem 5.3 Characterize graphs such that core(G) is a critical set. 

It is known that the sets ker(G) and core(G) coincide for bipartite graphs [16]. Notice 
that there are non-bipartite graphs enjoying the equality ker(G) = core(G); e.g., the 
graphs from Figure [U where only Gi is a Konig-Egervary graph. 



Figure 9: core(Gi) = ker (Gi) = {x, y} and core(G 2 ) = ker (G 2 ) = {a, b}. 


There is a non-bipartite Konig-Egervary graph G, such that ker(G) ^ core(G). For 
instance, the graph Gi from FigurelHIhas ker(Gi) = {x, y}, while core(Gi) = {x, y, u, v}. 
The graph G 2 from Figure [5] has ker(G 2 ) = 0, while core(G 2 ) = {w}. We propose the 
following. 

Problem 5.4 Characterize (Konig-Egervary) graphs satisfying ker (G) = core(G). 
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